Abstract. In this paper, we show that quantum twist maps, introduced by and , induce bijections between dual canonical bases. As a corollary, we show the unitriangular property between dual canonical bases and Poincaré-Birkhoff-Witt bases under the "reverse" lexicographic order. We also show quantum twist maps induce bijections between unipotent quantum minors.
counit ε : U q → Q(q) as follows:
∆ (e i ) = e i ⊗ t
S (e i ) = −e i t i , ε (e i ) = 0,
We denote by U + q , U − q , U 0 q the Q(q)-subalgebras of U q generated by {e i } i∈I , {f i } i∈I , {q h } h∈P * respectively.
Remark 2.2. For the sake of simplicity, we assume that there exist ρ ∈ P such that ρ, h i = 1 for all i ∈ I. This element satisfies (ρ, α i ) = (α i , α i )/2 for all i ∈ I. However this assumption is not essential at all.
2.1.2.
Definition 2.3. Let ∨ : U q → U q be the Q(q)-algebra involution defined by
Let : U q → U q be the Q-algebra involution defined by
Let * : U q → U q , ϕ : U q → U q be the Q (q)-algebra anti-involutions defined by * (e i ) = e i , * (f i ) = f i ,
ϕ (e i ) = f i , ϕ (f i ) = e i , ϕ q h = q h .
2.2.
Non-degenerate pairing and the dual bar-involution.
2.2.1.
Definition 2.4. For i ∈ I, we define the Q(q)-linear maps e ′ (x) y + x i e ′ (y) , i e ′ (f j ) = δ ij for homogeneous elements x, y ∈ U − q . Here homogeneous elements mean the elements x of U q satisfying q h xq −h = q wt x,h x for some wt x ∈ Q and an arbitrary h ∈ P * .
2.2.2.
Definition 2.5. There exists a unique symmetric Q(q)-bilinear form ( , ) L :
This form ( , ) L is non-degenerate and has the following property: 
for an arbitrary y ∈ U − q . By non-degeneracy of ( , ) L , the element σ (x) is well-defined. This map σ : U 
Here ht α := i∈I m i for α = i∈I m i α i ∈ Q. In particular, for homogeneous elements x, y ∈ U − q , we have σ(xy) = q (wt x,wt y) σ(y)σ(x).
2.3.
Canonical bases and Poincaré-Birkhoff-Witt type elements.
Lusztig's braid group symmetry.
Definition 2.8. Let W be the Weyl group of g and {s i } i∈I be the set of simple reflections. For w ∈ W , denote by I(w) the set of the reduced words of w. Following Lusztig [17, Section 37.1.3], we define the Q (q)-algebra automorphism T i : U q → U q for i ∈ I by the following formulae:
i e j e (r) i
for j = i,
Its inverse map is given by
The maps T i and T . It is known that {T i } i∈I satisfies the braid relations, that is, for w ∈ W , the Q (q)-algebra automorphism T w := T i1 · · · T i l : U q → U q does not depend on the choice of (i 1 , . . . , i l ) ∈ I(w). See [17, Chapter 39].
2.3.2.
The following lemma follows from the straightforward check on the generators of U q . Lemma 2.9. For i ∈ I, we have 
is an orthogonal basis of U − q (w), in fact we have
is also a basis of U − q (w). We call {F low (c, i)} c∈Z ℓ
≥0
by the (lower) Poincaré-Birkhoff-Witt type basis associated with i ∈ I (w) and
by the dual (or upper) Poincaré-Birkhoff-Witt type basis. i } i∈I,n∈Z ≥0 . Lusztig [15, 17] and Kashiwara [9] have proved that A U − q is a free Amodule and constructed the basis B low of U − q , called the canonical basis, which is also an A-basis
Moreover the elements of B low are parametrized by the Kashiwara crystal B(∞). We follow the notation in [11] concerning the Kashiwara crystal. Write . Let w ∈ W and i ∈ I (w).
(
up satisfies the following conditions:
Remark 2.15. In fact, the element G up (b(c, i)) is characterized by the property (DCB1) in Proposition 2.14 and the property (DCB2)
Remark 2.17. The unitriangular property in Proposition 2.14 (2) is equivalent to the following unitriangular property:
In fact, these unitriangular properties also hold when we consider the right lexicographic order in Z ℓ ≥0 . See Corollary 3.8 below.
Quantum twist map
In this section, we study the relation between quantum twist maps and dual canonical bases. We consider the quantum twist maps defined in [14, Section 6].
3.1. Quantum twist maps and Quantum nilpotent subalgebras. Definition 3.1. For w ∈ W , we consider the Q(q)-algebra anti-automorphism Θ w of U q defined by
By Lemma 2.9 and (S
Remark 3.2. Our definition of the quantum twist map Θ w seems different from the one in [14, Section 6.1]. However these definitions are the same because they adopt the different coproduct and antipode from ours.
Proposition 3.3. For w ∈ W and a reduced expression
Proof. It can be easily checked that
Hence by Lemma 2.9 we have
Then we obtain the claim.
Proposition 3.5. For w ∈ W , its reduced expression i ∈ I (w) and c ∈ Z ℓ ≥0 , we have
Proof. By the equality (2.3), we have
Hence it suffices to show that
. This follows immediately from Proposition 3.3.
By Proposition 3.5, Θ w −1 is also regarded as a Q(q)-algebra anti-isomorphism from U
Proof. We may assume that x is homogeneous. On generators, by Remark 2.16, we have
Assume that the desired equality holds for homogeneous elements x ′ , x ′′ ∈ U − q (w). Then, by Proposition 2.7, we have
Hence we obtained the assertion.
Proof. We have already checked that 
The latter follows from Proposition 2.14 and Proposition 3.5. The former follows from Proposition 3.6.
Corollary 3.8. For the expansion of the dual PBW basis into the dual canonical basis, we have
In particular, we can write the expansion as follows:
3.2.
Quantum twist maps and Quantum generalized minors. Set P + := {λ ∈ P | λ, h i ≥ 0 for all i ∈ I}. For λ ∈ P + , denote by V (λ) (resp. V (−λ)) the integrable highest (resp. lowest) weight U q -module generated by a highest weight vector v λ (resp. v −λ ) of weight λ (resp. −λ). 
does not depend on the choice of (i 1 , . . . , i ℓ ) ∈ I(w). 2] ). For λ ∈ P + and w ∈ W , define the elements v ±wλ ∈ V (±λ) by
These vectors v ±wλ are called the extremal weight vector of weight ±wλ. In fact, we have
The following proposition is well-known and easily checked. (1) For λ ∈ P + , there exist unique Q(q)-bilinear forms ( , ) ±λ :
for v 1 , v 2 ∈ V (±λ) and x ∈ U q . Moreover the form ( , ) ±λ is non-degenerate and symmetric.
Definition 3.13 (Unipotent quantum minor). For λ ∈ P + and u, w ∈ W with ±(uλ − wλ) ∈ − i∈I Z ≥0 α i , define the element D ±uλ,±wλ ∈ U − q by the following property:
The element D ±uλ,±wλ is called an unipotent quantum minor and we note that wt (D ±uλ,±wλ ) = ±(uλ − wλ). See [12, Section 6].
The quantum unipotent minors associated with lowest weight modules are related with those associated with highest weight modules via * -involution.
Proposition 3.14. For λ ∈ P + and u, w ∈ W with −uλ + wλ ∈ − i∈I Z ≥0 α i , we have * D −uλ,−wλ = D wλ,uλ .
Proof. For all
We can consider the new U q -module V (−λ) ∨ which has the same underlying vector space as V (−λ) and is endowed with the action • of U q given by
q . This proves the proposition. 
By the way, we also have
⊥ . Hence it suffices for us to prove the following inclusion:
It is shown by using Proposition 2.10 and Proposition 3.16 repeatedly. 
For every homogeneous element
Hence Lemma 3.17 implies the assertion.
Proof. This follows immediately from Proposition 3.5.
Theorem 3.20. Let λ ∈ P + and u 1 , u 2 ∈ W . Suppose that u 1 and u 2 are less than or equal to w with respect to the weak right Bruhat order. Then we have
Proof. By Proposition 3.18, we have
Now ϕ • Θ w is a Q(q)-algebra automorphism of U q . Hence we can consider the new U q -module V ′ (−λ) which has the same underlying vector space as V (−λ) and is endowed with the action ⋆ of U q given by x ⋆ v = (ϕ • Θ w )(x).v for x ∈ U q and v ∈ V ′ (−λ). Then there exists a U q -module isomorphism
Moreover it is well-known that the weight space of V (−λ) of weight µ is 1-dimensional for all µ ∈ −W λ. Therefore as in the proof of Proposition 3.14 we have
× and all x ∈ U − q (w −1 ). By our assumption, w −1 u 1 is less than or equal to w 
for (i 1 , . . . , i ℓ ) ∈ I(w). Here we set t α := i∈I t mi i for α = i∈I m i α i ∈ Q.
Proof. Recall that we have
. . , i ℓ ) ∈ I(w) (see also [13, Proposition 3.4]). Moreover, for a homogeneous element x ∈ U + q , we have S(x) = (−1)
ht wt x q 1 2 (wt x,wt x)−(ρ,wt x) * (x)t wt x . Therefore we obtain the assertion.
Finite type case
In this section, we assume that g is a finite dimensional complex simple Lie algebra. Let w 0 ∈ W be the longest element of the corresponding Weyl group W . It is well-known that there is a unique Dynkin diagram automorphism θ with −w 0 (α i ) = α θ(i) for all i ∈ I. For a reduced expression
is also a reduced expression of the longest element.
Definition 4.1. We define a Q (q)-algebra automorphism on U q (g) defined by 
Proof. Since we have (θ • * ) T i1 · · · T i k−1 (f i k ) = θ T is also a reduced word of the longest element w 0 . We note that
By Proposition 4.2, we obtain the assertion
By Proposition 4.3, we have θ • * = Θ w0 . In particular, we obtain the following corollary. Moreover by Lemma 3.19 we obtain the following corollary. In particular, we have
We note that the above result is proved by Lusztig [15] and also by McNamara [18, Theorem 3.1 (5)].
